ESE 6510 March 5 Exercises

Problem 1: PPO Surrogate Loss Derivation (TA instruction)

The standard policy gradient objective for a trajectory 7 = (sg, ag, - . ., s7) is:
J(0) = Ernpy [R(7T)]

where the trajectory density factorizes as:

T-1
po(r) = p(s0) [ ] molar | s0) Plserr | s1,a0)
t=0

Starting from the standard policy gradient objective, derive the gradient of the importance-sampled
surrogate objective used in PPO.

Step 1. Write the objective as an integral.
Expanding the expectation explicitly:

Step 2. Take the gradient.
Differentiating with respect to 6:

Vo (8) = / Vo po(r) R(r) dr

Step 3. Apply the log-derivative trick.
Using the identity Vg po(7) = po(7) Vg log pa(7):

Vo (6) = / po() Vo log po(r) R() dr

= ETNpg |:v€ IOg Do (T) R(T)

Step 4. Expand and simplify Vylogpy(T).
Taking the logarithm of the trajectory density:
T-1
log po(7) = log p(s0) + Y [log ma(ar | 1) +log P(sts1 | s1,1)
t=0
The initial state distribution p(sg) and the dynamics P(s¢+1 | St,a¢) do not depend on 6, so
their gradients vanish:
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Substituting back:
T-1

> " Vologmg(ar | s¢) R(r)
t=0

This is the standard REINFORCE policy gradient estimator.

VoJ(0) = Ermp,

Step 5. Replace R(7) with the advantage function.
By the “reward-to-go” argument, where future actions cannot affect past rewards, and by
introducing a state-dependent baseline V7 (s;), we can safely replace R(7) with the advantage
A" (s, ay) without changing the expectation of the gradient:

Vo J(0) = Erp,
t=0

T—1
Z Vo logmg(as | st) A’r“)(st,at)]

Step 6. Importance sampling.
We have data collected under an old policy g, but need to estimate the gradient for our
new parameters . We apply importance sampling to each timestep’s expectation over (s, a;):

W@(at ‘ St)
Eat~7r9(-|st)[f(st7 at)] = E“tNWold('|St) [Wa(at\st) f(St, at)]
old
Applying this to each term:

T—1

Vo J(0) ~ ]ETNpeold [Z

t=0

mo(as | st)
——————_Vylogmg(as | s¢) A% (54, ay
To1a (at | st) (ar | s ( )
Step 7. Recognize this as the gradient of a surrogate objective.
Observe the key identity:

v 7Té)(at | St) _ erg(at | St) _ 7TG(Clt | St) V@logﬂg(at | St)

7-‘-eold (at | St) 7.reold (at | St) 7.(-Gold (at | St)

This means the expression in Step 6 is exactly the gradient of the following surrogate objective:

T-1

LPG(Q) - ETpr’old Z
t=0

mo(ar | S¢)
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Problem 2: The PPO Clipped Objective (Gradescope)

PPO replaces the unclipped surrogate r.(6) A, with:
LEUIP(9) = E, [min (rt(Q) Ay, clip(re(6), 1 —¢, 1+ ¢) Atﬂ

Let £;(0) = min(ry Ay, clip(ry,1 —e,1+ ) A;). Determine Vgl;(6) by analyzing all four cases.
Case 1: A, >0and r, <1+¢
Case 2: /Alt >0and s >1+4¢
Case 3: flt<0and rn>1—¢

Case 4: flt<0and7“t<1—5

Case 1: At >0and r <1+4¢
The gradient flows normally. The update encourages increasing my(a; | s;) since A; > 0.

Case 2: At >0and s >1+4¢
The gradient is zero. The policy is not rewarded for further increasing the probability of an
already successful action.

Case 3: A, <Oand r, >1—¢
Since A; < 0, this pushes toward decreasing mp(a; | s¢). The gradient flows normally.

Case 4: At<0and m<l—e
Zero gradient. The policy is not penalized further for an action whose probability has already
been sufficiently reduced.
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Figure 1: PPO Clipped Surrogate Objective




Problem 3: Fitted Value Iteration and Q-Learning (Gradescope)

Consider an MDP with continuous state space S C R™, finite action space A = {a1, ..., an}, known
transition dynamics p(s’ | s, a), reward r(s,a), and discount v € [0, 1).

(a) Fitted Value Iteration (FVI). We approximate the optimal value function with a parame-
terized Vi (s). FVI is often presented with deterministic dynamics s’ = f(s,a). Now suppose
the dynamics are known but stochastic: given (s, a), the next state is drawn from a known
distribution p(s’ | s, a).

Write down the pseudocode for the Fitted Value Iteration algorithm adapted to this stochastic
setting.

(b) Q-Learning. Now suppose the dynamics are unknown. We have transition data {(s;, a;,7;, s5)}¥
collected by some behavior policy, and parameterize Q4(s,a) with a neural network.

(i) Write the Bellman residual loss £(¢) and the corresponding targets y;.

(ii) Consider the Bellman residual loss for a single transition (s,a,r,s’). Compute the full
gradient V4L(¢) (differentiating through both occurrences of ¢). Then explain why in
practice we drop the gradient through the target term max, Qq(s’,a’), and write the
resulting semi-gradient update rule for ¢.

(iii) Explain why vanilla Q-learning experiences training instability, and describe two stabi-
lization techniques.

-]
Part (a):

The key modification is in the regression targets. In the deterministic case, V4(f(ss,a)) evalu-
ates the value at the single known next state. With stochastic dynamics, we replace this with
an expectation over all possible next states weighted by their transition probabilities.

Algorithm: Fitted Value Iteration with Stochastic Dynamics
1. Collect states {s;})¥, using some policy.
2. repeat

3. Set targets: for each s;, compute

yi = max (T(Sia a) + ’YZP(SI | 5i,a) V¢>(S')>

4. Compute gradient:
. 0
9= % ;chb(si) - yz‘HQ

~

5. Update parameters: ¢V = ¢°'d — - §

6. until converged




The change from the deterministic version is that the target replaces Vi (f(s;,a)) with
Egplsna)Va(s)] = 2gp(s’ | si;a)Vy(s'). This is the Bellman equation: V*(s) =
maxair(s,a) + VEgp(1s,0) [V*(s))]]. We require knowledge of the dynamics p(s' | s,a) to
compute this expectation.

Part (b):
(i) The Bellman residual loss is:

N
L) =3 Qolsi,a) —w)°,  wi=ri +ymax Qs (s;, a').

=1

(#7) The Bellman residual loss for a single transition (s, a,r,s’):
L) = 5 (Qo(s:0) ~9)",  y=r+ymaxQ(s,a)
Taking the full gradient with chain rule:
VoL(9) = (Qg(s,a) —y) - Vy(Qg(s,a) — y)
= (Qg(s,a) —y) - <V¢ Qo(s,a) =7 Vo max Qu(s, a/))
Assuming greedy action ¢* = arg max, Qy(s', a’):

VoL(9) = (Qo(s:0) ~v) - (Vo Q(s: @) =71 Vo Qu(s',a"))

Notice how the second term can lead to spurious points of zero gradient. In practice we avoid
differentiating through the target y. Each gradient step shifts what we are regressing toward,
causing instability. Treating y as a constant gives the semi-gradient update:

¢ — ¢—a(Qu(s,a) — y) Vs Qu(s,a)
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