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Autoencoder - A Brief History

O 1982 — PCA: Oja showed PCA is equivalent to a 1-hidden-layer linear neural net

a  1989-1991— Nonlinear PCA: Baldi & Hornik (1989) and Kramer (1991) generalized PCA to neural
‘autoassociative” networks

d Mid-late 1980s — Auto-association: The idea to run a neural net in “auto-association mode”
(1986) was implemented for speech (1987-88) and images (1987).

a Eorly 1990s — Applications: dimensionality reduction/feature learning

d 2006 — Deep revival via pretraining: Hinton & Salakhutdinov popularized deep
autoencoders using layer-wise pretraining

a Nowadays: generative modeling using VAE for large-scale generative Al



Autoencoders

I T I N I

Compressed representation
Unsupervised learning
Encoder network: z = gs(x)
Decoder network: x' = fa(gs(x))

Reconstruction loss:

Lae(8,6) = %iix“? - falgs(x")))?
i=1

But it's not generative!

Ideally they are identical.

x ~x'
Bottleneck!
Encoder Decoder
96 =4 I fe
An compressed low dimensional

representation of the input.




Variational Autoencoder

L

Prior pa(z)
Likelihood Pal®|z)
Maximize the log-likelihood:

f ” ?ﬂ(z) o 2
0" = arg max Z log pe(x'") z ~ N(0,1) po(x|z)

- pa(x)

Compute logpg(z'?) = log /’p.r,:{:z'“} | z)p(z)dz
What's the issue? |
O No closed-form expression for general neural network parameterizations

O Expensive to approximate the integral over many latents for each data point



Variational Inference

palx, z)

O Theorem:the likelihood can be written as logpa(z) = max fﬁ'(z | ) log dz.
q(-|x):q(-|x) >0, g(z|x)dz=1 qlz | x)
and the maximizing distribution is given by ¢*(z | ) = pe(z | )
O Therefore, the new objective is given by
maxilogpﬂ{;r[" =max —max Z/q z | ) log =2 po(at), 2 dz
b = al|z(9),vi q(z | :'i”}
O Approximate the posterior with neural networks parometerized by qs(z|x)
po(z'), 2)
maxmax o (z]x (3) )lo dz
> [ ascia)tog 25
O Isthe new objective tractable now? po(e) [ 2(2l) % pofzlx)
I.Q‘ Z~N01) L po(x|z) T




Proof - VI Theorem

log pg(x) /q(z|:v) log pg(x)dz O Giventhot fr;(.:|.r‘}rf:; =1
])0(1‘?2)
= | q(z|z)log dz
[ aelarion 205
:/q( (5o po(,2) q(zlx) ..
q(zlz)  po(zlz)
po(z, 2) q(z|z)
= [ q(z|z)log dz + /q(zl:x:) log dz
/ q(z|x) po(z|x)
Evidence Lowe:rBound (ELBO) KL[q(zl;Lmlpo(zl:r)]
max [ g(z]z)log 2? (z,2 )dz — max log pp(x) — KL[g(z|z)||pe(z]z)] 2 Given that KL divergence non-
a(-|=) q(z|z) q(:|x) negative and
= log pa(x) — min KL[g(z|z)||ps(z|z)]
i) KL(gllp) =0 iff p=g

= log pg(x)



Variational Autoencoder

I:{ﬂ.{}:"'.ﬂ:l = E:-w,l,_,[.: x) [ll:gp”{.'l': | z}] - LKLI:Q',_-J{Z | fﬂ]' |P[z}1

= i S
reconstruction term regularization to prior

ad Learning objective: maximize the ELBO

O Maximize the likelihood of generating real data (decoder)

O Minimize the difference between the prior and posterior distributions (encoder)
O An example

O Encoder:  as(z | x) = N2z pola), diag(al(x))).
Prior: p(z) = N(0.I).

Decoder: psl@ | z) = Na: pol(z). n1I).

Reconstruction term: Eq.[logpe(z | 2)] = -

M
Z T — g ["'"”ill + const.
o

Z(n -1—,u' -1- I::hnj)

i=1

J,j \f

(I T i

Regularization term: KL(A (e, diag o) | V(0. 1))

i | et



VAE - Reparameterization Tricks

O We can estimate gradients wrt. gusing MC estimation
M

1
VoL(0, d:x) = Ey, (2]e) [‘Fﬂ log pg(x | z}] ~ i Z ¥V, log 'PH(I | z[:u])t

m=1

d But notwrt.g

IEr.-‘:E:A-r,ie;u[:|I]I[]”‘Jff-’::."-"5"::!:: z) — log r;‘;,(:|:1:]l] # E:huglex}vn’![l”g polx, z) — ltrgfm{z|;r:}]

O Reparameterization and sample  zs = g€, ¢, &) = pg(x) + og(x)e  for € ~ N(0,I)

d Thenwe can estimate the gradients Original form eparamaterioad torm
v‘;ﬂﬁl_@,[f] = vQIE:'Z"vr;.;,I::h:} [lf)g FH{T Z) - lﬂg qﬂ'{zlr}] { Backprop !
= VgEeno.nllogpe(z, 25) — log qs (24| 2)] /+ - oo 21/2 I = g(OX.E)
/1
$ X A1/dy @ X ~ Xe)

= OL/0



Variational Autoencoder

O Beta-VAE L Ideally they are identical. ~ ~~-----ooomemerees 2 Recoi::t;?t‘ded
'

. X~X
a Joint-VAE Probabilistic Encoder
O VQ-VAE 9o(2lx)

Mean Sampled
d M latent vector
Probabilistic
% . ___d,.—, Decoder - x!
po(x|z)

o
Std. dev

Z=pu+oOe

e ~N(0,I)

An compressed low dimensional
representation of the input.
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Diffusion Models

Use variational lower bound
-------------------------------- po(Xor) = p(xrjﬂpa(xf ) po(xe 1|xe) = N (015 o, ), Bl 1))

Polxe_1lx)
@ . @—} —*.

A
*\ :;-(xalxt 1) /
"‘,__ ..-l

: T
q(%¢—1|%¢) is unknown g(xi[xe-1) = N(xes /1 = Bixe 1, BeI)  g(xrr(|x0) = quxrlxr—ﬂ
: =1

1 Forward diffusion process: define a Markov chain of diffusion steps to slowly add random
noise to data

O Reverse diffusion process: construct desired data samples from the noise

ad Connections to the VAE? Encoder? Decoder? Latents? Prior? Posterior?



Forward Diffusion Process

a Compute g(x|xy)
O Given: g(xe|xi-1) = N(xe;v/1 = Bexe-1,81) ap=1-f; and &y = H::l @

X; = Jayxi—1 + V1 — o€, reparameterization trick: €;_1.€;_2,--- ~ N(0,I)
= Jo, 0 _1X4—2+ V1 —a;04_1€,_o merges two Gaussians

= \/(_l—g)(() -+ \/1 — (Y€
q(x¢|x0) = N(x¢: Vayxo, (1 — ay)I)

d Enaoble sampling at any time t

O g(xi|xi—1) = q(x¢|xi—1,%0) ?



Reverse Diffusion Process

a Compute g(xy_y|x;, 20)

q(x¢—1|x0)

a(xi-1fxt %0) = glxifxi-1,%0) = =

1, (x — vaxi1)? (X1 — Vaeaxe)®  (xe — Varxo)?
x exp ( - = + _ . _ ])
2 By l—a; 1 — ay
1, X; = 2/QXeXe 1 +aux} | X[ —2¢/@ 1 XoXe 1+ & 1Xg (% — v/@Xo)?
=exp (- 3 + : - el
2 Bt 1—a; 1 —ay
1, o 1 5 2./ 2./
= —_— — — - N - B C , )
=P ( 2 (( By | 1 —a; Jxia = By Xt 1—a; Xo)Xe-1+C(x xﬂ])

-

O Sowe have g(xi—1]x¢t,%0) = N (Xe—1; f1(xe,X0), 5eI)



Reverse Diffusion Process

4 Compute ﬁr{.!'r. .i'[;}. .}!

i 1 B a; — a; + By _l-a
UG ) " Gimany) T o P

i B \/LT V-1 il !

;c.,_{x;,}[u:l—( By l—ﬂtfl )f(ﬁ*-i- _ﬁ't*)




ELBO

Pﬂ{xaz}
O Recall the ELBO from VAE: ] a(z|z) log = 7 5-dz

a For the diffusion process:

T
QO Joint distribution:  Pa(xo, X1:) = pa(xr)pa(xolx1) | | pe(xe-1]xc)
T t=2
O Posterior:  ge(x1:7|%0) = go(x1]%0) | | 9 (xe|xe-1)
t=2

O Substitute to get the ELBO for diffusion:

T
Po(Xo, X1.7) po(x7)pe(xolx1) [ [;—0 Po(xt-1|x¢)
Egg (x1.71%0) [lﬂg ] = Egy(x1.71%0) [10 (=2

T
4o (X1:7|X0) e (x11x0) [T;—5 qo(xe[xt-1)



ELBO Derivation

G"qb(xt—] |Xt, Kn)%(xt |Ku)
o (Xt—1]%0)

O Compute Q¢(X1|Xt_1) = q¢(xt|xt_lvxu) —

1 Substitute into the ELBO:

[ T
lﬂg j’)(X} E Efm‘[h;r |%q) lng P (XT)pE (xﬂ [xl) I—-[f-=2 pﬁ'(xt— 1 |X; ) ]

T
qu(xl |xﬂ) H::z Q¢(Xt|xt—1)

| T
= ]Eq (X1.7|X0) ]_Dg ?JH{XT)?JH(}':[”}CI) ]-_[t=g Po (x-f.—l |xt) ]
o 1:T ik

T
qo(%1]x0) [T;—0 0o (Xe—1]%¢, X0) g0 (Xe|%0) /g6 (Xt —-1%0)

=E

f]'c:(xl:ﬂxu]'

o PE(XT)PS(X{Jlxl) HE‘:Q p&(xt—llxt)'?qb(xl |X{J)]

T
f}ab(xllxﬂ)nr zfm (x¢—1|%¢.%0) Gca(xﬂxn

=K

g (X171 |%0)

1 pa(xT)pﬁ(xu[xl)%(xllxu)H po(Xi—1|x¢)
0g
do(X1|X0)qs (xX7|%0) 5 Qo (Xi—1|%¢,%0)



ELBO Derivation

O Reorganize into three terms

1ﬂgj}|:x} = E"’h‘_-{xl:?'lxll] lnﬂ

Po(XT)po xnlxlll—[ Pal(Xe—1|Xe) ]

Go{xﬂxu %{xt 1% X0)

] ZL‘ [ polxe—1|x¢) }
q.‘,{xflxu} 9 (ruero) 7 g (Xe—1]%¢. %0)

po(xr) po(Xe—1|Xe)
—E, log Eqo rerle) 108 Lol |+ S E, !
1o o) (108 Do (o[ x1)] + mfmlxn}[“g%txﬂm}} Z ‘°*""““*[“gq@{x:_nxhxo}

= Eq.(x1.71x0) 108 Po(X0[X1)] + Eq, (x,.7|x0) []”5

|

= Efn-,{xﬂx..] [11'3!'-{}?9 xn|xl ] - DK! (ﬂ:-.- XT|I{: ||Pﬂ IT Z]Eqm(;mx“} [DKI {ﬂ'n Xi— ||Xr xo ) |lpo(x:— 1|Kf:]']']

S

o

Reconstruction term Prior matching term g

HI"‘ e I1|.‘|rrl1ir|1.l" !r‘rrn
-
= Eq,x:1x0) (102 po(xo|x1)] = Dy (go(x7[x0)|Ipo(x7)) — Z Eq. (xe|x0) DKL (g6(Xe—1]%e, Xo0) || po(xe—1x:))]

" ad f=2" ~
f..-u L’T Lr_]_




ELBO Derivation

1 - let X
O Recall DkL(NVo|My) = 3 [t-l'(zl_lzl.l) — k4 (1 — o) 27 (1 — po) +In (fijt E1 )]
't 249

O The score matching term at timestep tin [2, T]:

[ 1
L, 1=E, X¢. X)) — Xt
1 = B | g ) = e|
. 1 1 (x l—mf) 1 (x Lo o ”)2
X[, E _2”2[}”% '—ﬂ'f ¢ ,-'—l —D;t t '—E t ,.'—1 —(._"t't i £y &

(1 —an)?
204 (1 — ay) ||E.£i‘||‘2 lee = co(xe, ¢ ”

. [ {1 - (‘}:;)2 — — 9
B Exw 2”:{1 —m ||E ||2 ”Et 0 (\/fTr_Xu +vi mEht)”

O What about the other two terms? L7, Lg



DDPM algorithm

: _ = 2
O Inpractice  Lgmple(f) == Et x,.¢ [||£ —eg(Vaxy + V1 - n:;_ETf.)” ]

Algorithm 1 Training Algorithm 2 Sampling

l: I‘Ep-eat 1 X~ .-'V[ﬂ, I]

2t X0 ~ q(xo) - 2: fort=1T,...,1do

3 ¢~ Uniform({1,...,T}) 3 z~N(0,I)ift >1,elsez =0

4 €~N(0,1) S A

5: Take gradient descent step on Xt—1 = = (xt - —‘—vq_—&tfﬁ(xh t)) + oz

4
Vo ||£ — ep(Varxo + 1 — ﬁ;_ejt)”E g: end for

6: until converged : return Xgq

O We usually choose T to be a large number, e.g. 1k, 2k, 4k to have better performance

a Sompling is expensive. DDIM, consistency models, distillation...



Backbones - UNet & DiT

a Conditioning methods: FiLM, AdaLLN

18 [ I
input
) output
'm“f: " [ " segmentation
# £ map
é!
= conv 3x3, RelU
o GOy AN crop
# max pool 2x2

o

4 up-conv 2x2
= oy 1x1

Noise z

32x32x4 32x32x4
+ +

Linear and Reshape
Layer Norm

DiT Block

L} 1
Patchify Embed
! I
Noised Timestop 1
Latent J
32x32x4 Label y

Latent Diffusion Transformer

\ Layer Norm

\\ input Tokena

Condtioning )

DiT Block with adaLN-Zero




Classifier-Guided Diffusion

O Score function: Vs logalx:) = Vi, logN(xe; varxe, (1 - a)I) = - S VaXe _ ___«

1 — dy 1 — &y

Joint distribution of data samples and class labels: 9(Xt:¥)

L

O Score function for the joint distribution:
Vi, 1og q(x1.y) = Vi, log g(x;) + Vi, log q(y[x:)

[t
=l

tg{){; N f:l + v_xr I_ug f{}{ylx:} Trained classifier

1 —ay

— _1—_{:” (fﬂ(x,, f‘) — /1 — ﬂivx, ]Ugfaimxf))

O New classifier-guided noise predictor:

—_—

eo(xe, t) = €g(x4, 1) — V1 — aqwVy, log ful(y|x,) <«——  Ablated diffusion model (ADM)



Classifier-Free-Guided Diffusion

d What if there’s no trained classifier?
d Consider the conditional distribution using Bayes rule:
Vi, log p(y[xe) = Vi, log p(x¢|y) — Vi, log p(x:)

1
= —ﬁ(fﬁ(xh t,y) — eo(xe, .y = ﬂ):l

d Then we have the noise predictor with class labels guidance:

€o(x¢, t, y} = €g (Xt-. t, 1-’) — V1= awVy, lugp(y|xt}
= eg(x¢, t,y) + wlea(xe, t,y) — co(xe, t))
= (w+ 1eg(xy, t,y) — weg(xy, )



Imitation Learning as Conditional Generation

a Conditional sompling a Conditional sampling
Learn pg(x | ¢) to sample x given class labels Learn mg(a| s) to sample action given states
d Maximize the likelihood d Maximize the likelihood

max E(rq.c)~p| 10g Do (0 | ¢)] max E(Sva)mp[log mo(a | 5)}
a Claossifier-free guidance 3 Goal-conditioned BC

palao | 0 mofal s.9)
d Exposure bios (diffusion models) 3 Distribution shift

i 5 B k o

ﬂ "

Ew ;
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Normalizing Flow

fl(zu] fi(zi1) fivr(z:)
o o @ - x-
f‘,.‘ ‘-‘\ ,""I‘ n.‘\ .- -
s Ay , A ra LY
F 1Y ¥, 1Y ¥ %
1] ' 1] ) 1
f l E 1 | i! E 1 I iﬁﬁf i!f 1
] ! i i 1 r
L] 4 ] ¥ % ¥
&

% ¢ % f %
w ,..' * L *
s - ~ - ~ -

g - -

Zg ™~ Pﬂfzu) By P:‘(Zi} L ™~ FK(ZK}

Definition: Z;—1 ~~ ?T(Zi:_1)= Z; — fz-(zi_l), Z;—1 = fi_l(zi)
Compute the data distribution: X = zZx = ff{ o f}{—l Q:++0 flfzu)

Learn by maximizing the log-likelihood

(I T i

How to compute the log-likelihood? logp(x) = log Tk (z k)



Normalizing Flow

O Preliminary: given z ~ 7(2) , construct new variable « = f(z), f is invertible, then we have

[ = [wa=1 ple) =) [T | =70~ @) |G| =70 @)UY @)
d For multivariote case: z~7(z).x = f(z),z=f(x)
(x) = w(z) |[det d_z — "T(f_l{x]} det (Ef—l
! dx ’ dx

O Inverse function theorem: given ¥ = f(z) and z = f~!(y), then we have

df~'(y) _daw _ (g) _ (df(-“r))_'
dy — dy \dzx - dx



Normalizing Flow

[

Given Z;—1 ""pi—l(zi—l)azi = fi(zi—l)azi—l — fq:_l(zi)

Compute logp(x) = log i (zx)

From the change of variable theorem: pi(z:) = pi—1(fi ' (2:))

) df, !
th.t((dz'i_l) )

We get logpi(z:) = log p;—1(zi-1) — log

~1
(%)
=pi—1(z }l(th-t( @, ))_t =Ih‘-t[z:‘—|];
ot - \dzi ‘fitzt(%’—l}l

df;
det (de—l)‘

=pi—1(2Zi-1)

And logp(x) = log 7k (zk)

1f v
=logmg-1(zK-1) — log |det Ui
AZK )
N , df -1 df K df;
= log 7k -2(zK—-2) — log |det P i log |det e log mo(zn) — Elug det o

Requirements on f?

O 1. Easily invertible. 2. Easy to compute jacobians



Flow-Matching Methods

P q r Pt q

% ui’(r)%

(a) Data. (b) Path design. (c) Training. (d) Sampling.

O Training:
1 Build a probability path (prlo<t<1 from a known source distribution p to a target distribution q
O regression on the vector field used to convert distributions along the prob path

d Sompling (from the target distribution):

O Sample from the source distribution Xo ~ p

O Solve an ODE determined by the vector field to get X1 ~ g



Flow-Matching Methods

QO Vector field: u:[0,1] x RY — R? , flow: ¥ : [0,1] x RY — R

O ODE: %'ﬂ.ﬁ'r{-’!-‘) = wy(UPe(x)) where 1y := ¥(t,z) and ty(z) = =

O u generates the prob. path if X; := ¢4 (Xgy) ~ p; for Xo ~ po

1 Learning objective: learn a vector field that caon generates the prob. path p_t
ad Asimple probability path?  X; =tX; + (1 — 1) X ~ py

O Flow matchingloss: L..(0) = E; x, ||uf(Xf) - ut()«f,]”z. where ¢ ~ U[0,1] and X; ~ p;
d What's the issue?

1 We cannot compute the target distribution p_1



Flow-Matching Methods

O Conditional random variables: Xy =tz +(1—1)Xo ~ pnllzr) = N( | tzy, (1 - t)21)

R
O Solving for the cond. vector field: X = u(Xyilar) —> welz|z1) = 1—7

a Conditional flow matching loss:

Lepm(f) = ]E:.x,.x, ||'”-i!':Xr.} - -;.-.,,{X,_|X1]||g._ where £ ~ U[Uf |].~ Xo~p, X1 ~q

1

LOTCaussigy — B, o v |lu? (X:) — (X1 — Xo) |%, where t ~ Ul0.1], Xo ~N(0.1), Xy ~gq

CFM
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