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MDPs and Policies

We consider a Markov Decision Process (MDP)

M= (87“47 Pa I’,"}’),

S and A are state and action spaces, P(s’ | s, a) is the
transition kernel, r(s, a) is the expected immediate reward,
and v € (0,1) is the discount factor.

A trajectory T = (sp, ag, 51, a1, - - - ) is sampled from
PH(T) = P(SO) tho Wa(at ’ St)P(5t+1 ‘ St, at)'
A stochastic policy mg(a | s) is parameterized by 6 € RY.

® We assume bounded rewards |r| < Rmax and differentiable
policies with my(a | s) > 0 on support.

J(mg) £ Erop, [ifyfr(st, a)| =Erep, [R(]. (1)
t=0




Value Functions

:Eﬂ{Z'ytrﬁso:s}, (2)
t=0
Q™ (s,a) = EW[nytrt | so=s, a = a}, (3)
t=0
A"(s,a) = Q"(s,a) — V™ (s). (4)
® The discounted performance objective in terms of the value

functions is
J(m é Ernpe [Z yir(se, at } = IEswu(s) [Vﬂ(s)} . (5)

® The policy gradient using the advantage function is

V(o) Twpe[zfy (st.2))Vglog mo(ac | st)]-  (6)
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Univariate Gaussian Policy

Consider a scalar Gaussian policy

an~my(-|s)=Mue(s),0?),acR,s € R"

Problem

Derive the policy gradient for a Gaussian policy.

Solution:
2— )2
logmg(a | s) = —3 (% + |0g(27m2)> o = pp(s)-

Gradients w.r.t. x and o:

_ 0 a—p
8y :@logﬂe(a\S): 2
2 2

_ 0 (a—p)y—o
gr = a—alogﬁg(a]s):T




Gaussian Policy Update Rules

By chain rule, gradients w.r.t. network parameters 6:

Vglogmg(a|s) = guVoue(s)

Update policy parameters by gradient ascent:

Ok+1 = 0k +aVglogmy(a | s)A™ (s, a) (7)
= b+ [ 755 A7(s,2)] Vono(s) (8)
=0k + aguA(s,a) Vope(s), (9)
k41 =0k + [(a ;3M)2 - 5 A"(s, a) (10)
=0k + B g A"(s, a), (11)




Comments on the Policy Gradient

Score function: Vylogmy(als) = V,%ﬁi‘f)

® Zero expectation: E, ., [Vylogmg(als)] =0

Exploration control: When advantage is large, o increases
for more exploration

Convergence: When the advantage is positive, the gradient
is large when the action is far from the mean, and the
gradient is close to zero if the action is close to the mean.




Problem: Gaussian Policy Gradient

Problem

Derive the policy gradient when the policy is parameterized by the
log-standard-deviation w £ log o, and discuss the stability of the
learning.

Problem

For r(a) = —(a — a*)?, show gradient ascent on i converges to a*
when o is fixed.




Additional Problems

Derive the policy gradient when the state is not fully observed.
What practical changes to make in the algorithm?

Problem

Derive the policy gradient when the action is delayed by N time
step. What practical changes to make in the algorithm?




Discrete Policy Parametrizations

Direct parametrization:
mo(als) =06sa

where 0s ; > 0 and > ,c 405, = 1.
Softmax policy:

exp(bs,a)
me(al|s) =
olals) > arenexp(0s,2)
Log-linear policy:
exp(d - ¢(s,a
(o] s) = &P 0(5.2)

 Yaeaexp(0 - ¢(s, 7))

Neural softmax policy:

ro(a] s) = — 2Phls 2))
Za’eA exp(f@(sv a/))




Score Function for Discrete Policy

Score function for direct parametrization:

vesl o |Og7T9(3 ‘ S) =

97 ) la’:a,s’:s
s,a

)

where 1,_, o—s is the indicator function for action a’ and state s’.

Problem

Derive the gradient for a discrete action policy, i.e., softmax policy,
log-linear policy, and neural softmax policy.




Policy Gradient Expressions

The policy gradient can be expressed in three equivalent forms:
* REINFORCE expression:

Vod(mg) = Erp, lR(T) (i) Vi log We(atfst)ﬂ
t—
® Action value expression:
VoJ(mg) = Ernp, [i V' Q™ (st, ar) Vo log 7T9(3t|5t)]
t=0
® Baseline expression:
Vod(m0) = Ernpy [i Y [Q (st, ac) — b(st)] Ve log 779(5’t|5t)]
t=0

D c




Baseline Invariance Theorem

Theorem (Baseline Invariance)

For any function b : S — R, the estimator
Errp, [ 207 (Gt — b(st))V logm(a | s)} is unbiased.

Proof
It's sufficient to show that E, (|5[V logm(a | s) b(s)] = 0.

Eanr(1s)[Viogm(a| s) b(s)] = b(s) - Eann(s)[V logm(a | 5)]
= b(s) - Zﬂ(a | s)Vlogm(a|s)

Vr(als)
m(a]s)

= b(s) - Z (als)— 75
b(s) - VZ (a|s)=b(s)-V1=0.

e c




Problems

Probemn

Since actions at time t cannot affect past rewards, thus one may
replace R(7) in the REINFORCE expression by the return-to-go

R(7) = nytrt, G & Z’yk*trk, (12)
t=0 k=t
= Vod(mo) =Ervpy [} 7 GeVIogmo(ac | s)].  (13)
t>0

Probemn

Derive the action-value expression of the policy gradient from:

J(m0) = Egpmopu(so) [V (50)],  14(s0) £ initial state distribution

e c
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Monte Carlo Estimation

Consider the expectation

F(0) = Eeop(e)[F(0,6)]

The gradient is

= Vo [ £6.9p(6)d¢ (14)
= [ Vot (8.6)p(6) ¢ (15)
= Eep(e)[Vof (60, €)] (16)

Unbiased gradient estimators:

VoF(9) = Vef(9 €), where & ~ p(¢) (17)

VHF(H Z Vaf(e {I where 517 v 7§n ~ p(g) (18)




REINFORCE: Monte Carlo Policy

Gradient Method

The policy gradient theorem states:

VQJ(’]TQ) = ETNPH Z ’Ythvg IOg W@(at‘st)
t=0

In practice, REINFORCE approximates this expectation with
Monte Carlo samples:

N Ti—1

1 I
Vod(mp) NZ Z 'tht Vo logmg(a §)|s§ ))
i=1 t=0

where each trajectory (s((,'), a[()'), ré'), ...) is a rollout from the
environment.

It estimates the policy gradient using returns from a full
trajectory, without bootstrapping or temporal-difference updates.

D
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Algorithm: REINFORCE

Algorithm 1 REINFORCE: Monte Carlo Policy Gradient Method
1: Initialize 6, baseline b (e.g., running average or V-critic)
2: for episodes do
3 Sample trajectory T = (so, a0, S1, @1, - - -, ST, aT) under 7y
4 for t =0,. —1do
5 Compute return to-go Gy + Y o t’yk
6: Compute advantage A; < Gy — b(s¢)
.
8
9

trk

Compute policy gradient g; < 7' A:Vglog me(at | st)
Update 0 <+ 0 + o g;
end for
10: Update baseline b
11: end for
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